©

Self dynamics in simple liquids:
connections between the
Gaussian approximation and the
asymptotic impulsive regime

D. Colognesi

IFAC-CNR, Sesto Fiorentino (FI), Italy

eV Neutron Spectroscopy, Rome, 2017 II n c



@ Talk outline

Quantum self dynamics: the problem.

What is the Gaussian approximation?
What is the impulse approximation?
How to make them “talk” to each other?

Simple tests on liquid p-H..

1.
2.
3.
4.
S.
6.

Conclusions & perspectives.

eV Neutron Spectroscopy, Rome, 2017 I' n c



(ﬂ 1) Quantum self-dynamics:
the problem
Single-particle microscopic dynamics in condensed disorder

systems: .
y |s(Q,t)=% §<exp [—iQ-rj(O)]exp [iQ'rj(t)]>
.= <eXp [_iQ'rl(O)] EXP [iQ'rl(t)D’

where 1(Q,t) is the self intermediate scattering function, i.e.
the time autocorrelation function of the spatial Fourier
components (with wave-vector modulus Q) of the microscopic

density fluctuations. From it one writes the self-dynamic
structure factor:

S.(Qu) === [, (Q.t)ct
27
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r which is simply related to the incoherent component of the
double differential cross sections:

d’c K' o,
INC S
(deE'ji K 2z Q)

In some cases c,,.>> o, (€.9. H, V etc.), so that:

INC

d’c K' o,
=~ ——=5,(Q,w).
(deE'j ar Q)

Thus the single-particle microscopic dynamics problem is the
following: “how to calculate, in a real disordered system, the
physical quantity I.(Q,t) to be compared to experimental data?”
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(ﬂ 2) What is the Gaussian
approximation?

o kT

2M

IS(Q,t)=e><p(—Q

tzj classical ideal gas (Q—«, t—0);

IS(Q,’[): exp (—QZDSM) hydrodynamic diffusion (Q—0, t—).

In general, at any Q, t, one might guess:

IS(Q’t) ~ IGA(Q’t) = EXP (_szl(t))

This is the Gaussian approximation (GA) !
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General treatment of the self-dynamics including
guantum systems:

,(Q,1)= exp(i(iQ)an (t)j,

k=1

ato1
UEADEE: 71(t):—'m+§£df(t—r)U(T),

and where: u(t) _

7/(’[)5 yl(t) i Related to the velocity
autocorrelation function (VACF);

Vs (’[) — first non-GA correction.



<ﬂ From the VACF to the spectrum
17

In general: u(-t)=u"(t)= ULt +ij’

B

and its spectrum is a real (but not even)
function of w:

1 " —iw
p(a)):g joo dt e “'u(t),

that can be cast as:

()= p(w)+2p(— @), p(w)—zp(— 2) _ 0 (0)+ pa(@).
4M
Defining a phonon-like spectrum: f (@)= 37, pAaga)) , One gets:

__n @ B ho | . .
7,(t)= _[da) {(1 cos wt)COth(ZkBT] i Sin a)t}
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(ﬂ 3) What is the impulse
approximation?

In general, one can write:

¢ dt _ | e L
5,(Q,0) = geXp |mt)<e"Q'R1(°>e'h Ht gl QR (0) o -ir Ht>

_ _t o in1H (P, +hQ)t —ithI(Pl)t>
_[027112 exp ( |oot)<e e .

The rationale of the impulse approximation (IA) now, is trying to
estimate H(P,+7Q):

N 20? :
H (P, + hQ) = (P”’Q) DRy =H(R)+ R QA
~2 2M, M,
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<‘r I to be plugged into the S (Q,®) formula:

S.(Q,0) = T%exp(—ia)tﬂ % t)

2M;

< (exp{in|F (P) + M Q- P Jtexp |- inF (Pt )
Let us calculate the mean value in crude way:
(exp{in'[H (P) + M, "hQ- P]tkexp[—iri*H (P )t])
~(ep(iM,'Q-P.t)) = [d P,n(R) exp(iM,'Q-P;1),
where n(P,) is the single-particle momentum distribution. This Is

rigorous only if V(R,,...Ry)=const., but Is realistic if Q—e, t—0.

However, in the case of a true free-particle gas, one has:
V(R,,...Ry\)=0.
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@I The S (Q,w) formula for the IA now reads:

S.(Q,0) = j—exp( ot +i 50 )den(P)exp(lM '‘Q-Pt)

:J'dPln(Pl)5(hoa—h2Q ik -Q

M, M, j Sia(Q, m).

In the semi-classical case, one has an equilibrium velocity
distribution given by the well-known Maxwell's law (but with an
effective temperature: T*>T):

n(R) = L exp( it j = exp| — it
' (27ZM1kBT*)3/2 2M K T (27r0' )3/2 205
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<ﬂ 4. How to make GA and IA “talk”
to each other?

What are the relationships between these two distinct, although
very popular, approximations of the microscopic self-dynamics?

In general, one can always write two rather trivial, exact equations:

Ss (Qv (D) — SGA (Q’ (D) + Snon—GA (Q’ (D),
5,(Q,®) =5, (Q, ®) + S5e5,(Q, ),

where the well-known “final-states effects” (FSE) have been
Introduced.

Let us now assume that n(P,) exhibits a Maxwellian shape (with
no constraint on its width ). This is very general and, in practice,

excludes only liquid “He and 3He!
IFAC



Under this assumption one obtains well-known result:

I t)=exp| |
Qu)-en 1121
The IA is just a special case of the GA, where:
ot ot
— +——,
2M  2M

/1, IA(t):

and the following (less trivial...) formula holds:

S,(Q,w) = §|A (Q,®) + Sgarse(Q; (02 +S10nca(Q, @),

GA
where split the FSE in two different terms:

Skse(Q,0) = ?GA—FSE (Q, 0)2 + ?non—GA (Q, (DZ-

Gauss\i;mFSE non—Gal}gsianFSE
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<ﬂ What are Gaussian FSE?

This is the “easy” part of the problem' Keeping in mind that:

y,(t)= i—+ jdr(t r)u(t)

one can expand in power serles and obtain:

hit d"u(t e ht d t"
7/1(t): PYVI ( ()j =7 Z : '

"M éno dt" ) (n+2)! oM T & (nt2)

Excluding the terms in t and t (i.e. those forming the IA), the GA-

FSE are simply obtained:
th 2 d t?
(n 2)I 2I\/I

IGA-FS|(Q,t):e ( hQ°t
IFAC




Q2d1t3

= IIA(Q’t) -

.

3

2
- Q2d2t4 . Q4 d1t3 .
4 2| 3

—
Sears corrections

West scaling (in t domain)

|_routinelyusedon VESUVIO...

hQt

t—>S=—-
M

.Q.) > F(5,Q) =9Xp(—i th2

(Fourier conjugate of y)

@ =en( i1/ 0

[Fourier conjugate of F(y,Q)]
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So, in the West formalism, IA and GA-FSE read,
r respectively, as:
_ d.-M?2 g2 o’ s°
F.(s)=exp|——2 =exp | ——— |
.A)m( MZJXQ >

- -] MW MUdst 1M s
FGA-FSE(S’Q)_F|A(S) o 3'h3Q o 4!h4Q2 +§ B!hBQ T

NACIRLAGL M2<(§Y)Z>S41£M<V22V>SSJ +
367°Q 127"Q 2| 36n°Q

We have proved that the two standard Sears corrections to the
IA are already fully contained in the GA!

IFAC
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«r l Where to look for non-Gaussian FSE?

o 1st strateqy, from the RSS formula:

s nonea (@ 1) = exp (- Q n(t)){ (i 7/k(t)j—l}

k=2

ZIS,GA(Q’t) Oor::-l[i 'Q 7/k(t) }

n

1, (00| Q7.0 - Q%) +Q8(n(t) +27§<t>ﬂ.

Tough, because functions .,(t) are extremely
complicated and difficult to be evaluated, being
related to the whole hierarchy of the velocity
autocorrelation functions up to the 2n-time one:

(Vi OV, (1) vy, (o 5 Vi, (o 0)):
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r However, calculating their short-time contributions
(always assuming a Maxwellian n(P,) ), one gets:

Is,non—GA(Q’t — O) ~ eXp [I hQth |:| Q4 55 41:5 - Q4a6,41:6:|

oM || 5 6!
- -Q4— 5 Q4— 6 hQG ~ 6
~|:|5!a5’4t —ant —mamt )

or, equivalently, moving to the West formalism:

~

|:s,norrGA (S’ Q — OO) ~ |:|

5 6
(52”';/'532 55,435 - élzhl\e/slcgz a6,456}

We have found the first two leading terms of the non-
Gaussian FSE, but we do not know what a; , and a5
are....

Another strategy is needed! lrnc



ﬂ The GRS theory of the FSE: a GA-independent
C approach

There i1s an alternative approach to the microscopic self
dynamics which is possible (provided the inter-particle
potential is not hard-sphere) and fully GA independent:
the so-called Gersch-Rodriguez-Smith theory (GRS):

ﬁ@®=i@MTE®

n=0 hZQ
where F,(s) = F,, (s)

The various F,.,(s) are not easy to be evaluated, but are
equilibrium properties of the system (related to the n-
body density matrix hierarchy).
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r Let us write down the first three terms: Fy(s) (IA), F.(s)
(exact at all T), and F,(s) (exact at T=0, a good

approximation at low T):

Fo(s) = (exp (insp,, )

F(s) = <6Xp (ih_lSpl,z )j do,oU (O-l)>;

F,(s) = <exp (i nspy, )_[ do,[sU (o) - sU (s)] _fl do,0U (02)>,

where the difference between two potential energy
(U(ry,...,ry)) values of the system (with the particle “1”
shifted by o and un-shifted, respectiveluy) are requested:

sU(c)=U(F —oQ,F,,....T,)—U(F,F,.... ).
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Now we have seen that all the GA-FSE terms ~Q! are:

iM ~ M>d, s
(%)FI,GA(S) — FIA(S)[_ 3!h3Q j’

while all the GA-FSE terms ~Q~ are:

2 2
iM ~ M%.s* 1(M°d.s’
( 5 j FZ,GA(S): FlA(S) — 4!714(222 +E( 3!h31Q j :

So we are ready to write the first two non-GA-FSE terms

(in Q' and Q?):

iM iM ~ M°%,s’
(%j Fnoncal(S) = (thjFl(S) +Fia (S) I7Q
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&

h

j I:2,non—GA (S) — (;—ZMQJ F (S) + |:IA( )

M*d,s"

Using some algebra, one finally writes:

ANK*Q?

1 M%)
ARELRS

|:2,non—GA (S) = <eXp (ih_lspl,z )j. d01[51U (O-l) o 51U (S)]Td62§1u (0-2)>

s* /( oU
_|_
24 \\ 0z,

3 @ZU

\ st Jeu\
] >288<azf> JF"(S)'

1

>Fo(5);
/

L ( S
Fvorca () = <exp (in*sp,, )[doysU (01)> v < —
0
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<‘r I Since it Is possible to prove that the respective leading

terms are exactly given by:

( 1 jFl,non—GA(S —> O) = |:(2M )555’4:| > 5;

7°Q 517°  |Q
M 2 (2M)°a,, | s°
_h4—(?2F2,non—GA(S_)O):_|: TG 6’4}(22,

we have also found a way to evaluate a; , and ag s.
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5. Simple tests on liquid p-H
r 2

We are going to calculate the magnitude of the non-GA FSE on
liquid para-H,, because is a semi-quantum liquid (with an
anharmonic dynamics even at low T), but still exhibits a
Maxwellian n(P,).

Why hydrogen is a “semi-quantum” fluid?

* Liquid H, exhibit strong quantum effects: still liquid (13.8 K< T
< 33.1 K) at T<@p (with ©5~100 K).

It is a prototypical “quantum Boltzmann fluid®: particle

delocalization, but negligible exchange. N
2 Mk T

System | (Apg/@)ep (Aps/o)re (Aps/Der (Aps/irp o : L.J. potential range

He 1.50 23] 0.84 1.66 | : mean inter - particle distance
H, 0.72 1.11 0.44 0.94

D, 0.47 0.68 0.31 0.60

Ne 0.21 0.29 0.14 0.26

[from M. Zoppi et al. (1998)] Irn c




Simulating the p-H, equilibrium properties by
'r l Path Integral Monte Carlo (PIMC)

Rigid cubic box V, T=20 K, p=22.53 nm=3, N=256 “point-like”
molecules interacting through the Silvera-Goldman isotropic
pair potential v,(r), P=8, 16, 32, 64 (extrapolated to «).

y

g(r): pair distribution function —> (0°Ul0z?), {(0Ul0z)?).

(E): mean kinetic energy —> O

But how to calculate F,(s) and F,(s)?
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We have seen that F,(s) and F,(s) can be expressed using
‘r I the n-body density matrixes, p,. F,(S) involves p,, while
F,(s) needs both p, and p;. Namely:

F.(s) = % [ dxp,(%,0;% + scj,o)jda(vzq X +0Q ) —v,(|x+5O 1),

where p,(x,0;y,0) can be approximated by:

£,(%,0;¥,0) = p*F (X — IDVa(x)a(y).

F,(s) Is slightly more complicate involving also the 3-body
density matrix. However, if only binary collisions are
retained [i.e. F, ,;,(s)], a simpler expression can be given:

eV Neutron Spectroscopy, Rome, 2017 II n c



©

Foen(8) = P Fin(8) [ 03/ 9 (09 (1 % —5Q D { (v, (x) ~v,( X - G D)

Vo

xidazda'(vz(b_(’—o-'(ﬁ|)—v2(x))+%ﬁda(v2(|)_(’—a(j|)—v2(x))} |

F,(s) (meV A)
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- F(8)

I:2,non—GA (S) [dlﬁ]

s* [fouY\ ¢ Jou\ )=
2 ) a(27)
24\| oz, 288 \ o7

Taking the Fourier transform of F, ., ca(S) and F, ,.ca(S), one can
easily evaluate the first two non-GA corrections to F,(Y).

eV Neutron Spectroscopy, Rome, 2017 II n c



Liquid p-H,

o
&

F(y,Q=10 A™) (&)

0.005 A

0.000 -

-0.005

—IA
—— non-GA (I) [-Q™]

Calculation for Q=10 A (e.g. MARI experiments on liquid H, explored
5 A1<Q<15 A1) Fy ronoa(y,Q) is small, but still visible, while F, .
aa(Y,Q) is not detectable.
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«r I 6. Conclusions & perspectives

 We have clarified the general relationship between the
IA and the GA. If n(P,) has a Maxwellian shape then:
IA < GA. If not, they are independent approximations.

 We have shown the two widely-used Sears corrections
(cc Q' and Q2, respectively) come directly from GA. So
non-GA effects cannot be included.

* Non-GA effects are difficult to be estimated, due to the
presence of u,(t,,,....,[y). However, for Maxwellian
n(P,), one can see that the their leading terms are o«
1S°/Q and s°/Q?, respectively.

IFAC



« There exists an alternative route to the non-
r GA terms, via the well-known GRS theory,

which uses equilibrium quantities like the p,..

* The fully quantum p,are not simple to be evaluated,
but acceptable approximations exist, at least for p,
and p;.

« Ateston liquid p-H, has been presented, proving that
non-GA effects F,(s) are small but not totally
negligible for 5 A1<Q<15 Al In addition, they seem
to weaken the well-known Sears corrections.

« Calculations on other model systems might reveal
Interesting results as far as FSE are concerned.
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Many thanks to all the audience members

for their kind attention to this talk!

Wanting to know more?

D. Colognesi et al.,, On the non-Gaussian corrections in the self
dynamics of semi-quantum fluids, Chem. Phys. 446, 57 (2015).

D. Colognesi, Microscopic self dynamics in liquids: Connections
between the Gaussian approximation and the asymptotic impulsive
regime, Physica B 515, 56 (2017).
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«r ] Additional slides for discussion

Four-time velocity autocorrelation functions

General

2T - VACF : BiNiwi (t,) vi(t)) = (Vi (&) vi, ()

i=1

- <V1’Z(t2 - tl) Vl,z (O)> = U, (tz _tl,O).

4T -VACF: <V1,z (t4)V1,z (t3)V1,z (tZ)Vl,z (t1)> - <V1,z (t4 - t'1)V1,z (t3 - tl)Vl,z (tZ B tl)vl,z (O)>
=u,(t, -ttt _tuo)

Irreducible components

IRR. 4T - VACF:
Uy i (t4 G, L, t1) = U, (t4 b, L, tl)_ U, (t4 , ts)uz (tz ’ tl)

— U, (1, 1)U, (4, 1) — U, (L, 1) u, (L, 1) Irnc
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<" I Non-Gaussian components

7,(t) = _idtijdt2<vz,1(t2)vz,1(t1)>;
7,0 = jdt jdtfdt jdt (Ve (O (V) 720

73(t) = jdtlj dtz"'_[ dtS_[ dt <Vz,1(t6)vz,1(t5)"'Vz,l(tz)vz,l(t1)> = 71(D)7, (1)

__7/1 (t)
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<ﬂ The two-body density matrix: definitions

General

=,02(X—1),y—1);§—1),0).

Semi-diagonal

= P> (X —-y,0:8 - y,O).
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= p,(x-y,0;x—y,0)= p’g(x—-y) = p°g(IX -y |).

Relationship with p,

= p(X—80)= p Fa(IX—E)).
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ﬁl Jay 2, (x y:&y)=(N -Dp,(x:8)= (N - Dy x~&])
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