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Talk outline 

1. Quantum self dynamics: the problem. 

2. What is the Gaussian approximation? 

3. What is the impulse approximation? 

4. How to make them “talk” to each other? 

5. Simple tests on liquid p-H2. 

6. Conclusions & perspectives. 
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1) Quantum self-dynamics: 

the problem  

Single-particle microscopic dynamics in condensed disorder 

systems: 
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where Is(Q,t) is the self intermediate scattering function, i.e. 

the time autocorrelation function of the spatial Fourier 

components (with wave-vector modulus Q) of the microscopic 

density fluctuations. From it one writes the self-dynamic 

structure factor: 
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which is simply related to the incoherent component of the 

double differential cross sections: 
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In some cases inc>> coh (e.g. H, V etc.), so that: 
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Thus the single-particle microscopic dynamics problem is the 

following: “how to calculate, in a real disordered system, the 

physical quantity Is(Q,t) to be compared to experimental data?” 



  







 2B2

s
2

exp, t
M

Tk
QtQI

2) What is the Gaussian 

approximation? 

classical ideal gas (Q→∞, t→0); 

    

hydrodynamic diffusion (Q→0, t→∞).    tDQtQI s
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In general, at any Q, t, one might guess: 
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This is the Gaussian approximation (GA) ! 
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Related to the velocity 

autocorrelation function (VACF); 
   tt 1 
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 t2 first non-GA correction. 

General treatment of the self-dynamics including 

quantum systems: 
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and where: 
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From the VACF to the spectrum 
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and its spectrum is a real (but not even) 

function of ω: 

In general: 

that can be cast as: 

Defining a phonon-like spectrum: , one gets: 
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3) What is the impulse 

approximation? 

In general, one can write: 
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The rationale of the impulse approximation (IA) now, is trying to 

estimate H(P1+Q): 
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to be plugged into the Ss(Q,) formula: 
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Let us calculate the mean value in crude way: 

where n(P1) is the single-particle momentum distribution. This is 

rigorous only if V(R1,…RN)=const., but is realistic if Q→∞, t→0. 

However, in the case of a true free-particle gas, one has: 

V(R1,…RN)0. 
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The Ss(Q,) formula for the IA now reads: 
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In the semi-classical case, one has an equilibrium velocity 

distribution given by the well-known Maxwell’s law (but with an 

effective temperature: T*>T): 
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4. How to make GA and IA “talk” 

to each other? 

What are the relationships between these two distinct, although 

very popular, approximations of the microscopic self-dynamics? 

 

In general, one can always write two rather trivial, exact equations: 

 

 

 

 

where the well-known “final-states effects” (FSE) have been 

introduced. 

Let us now assume that n(P1) exhibits a Maxwellian shape (with 

no constraint on its width p). This is very general and, in practice, 

excludes only liquid 4He and 3He!  
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Under this assumption one obtains well-known result: 

 

 

 

 

The IA is just a special case of the GA, where: 

 

 

 

 

and the following (less trivial…) formula holds: 
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This is the “easy” part of the problem! Keeping in mind that: 

 

 

 

one can expand in power series and obtain: 

 

 

 

 

Excluding the terms in t and t2  (i.e. those forming the IA), the GA-

FSE are simply obtained: 
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What are Gaussian FSE? 
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So, in the West formalism, IA and GA-FSE read,  

respectively, as: 

We have proved that the two standard Sears corrections to the 

IA are already fully contained in the GA! 



• 1st strategy, from the RSS formula: 

 

 

 

 

 

 

 

 

 

Tough, because functions n>1(t) are extremely 

complicated and difficult to be evaluated, being 

related to the whole hierarchy of the velocity 

autocorrelation functions up to the 2n-time one:  
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Where to look for non-Gaussian FSE? 
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However, calculating their short-time contributions 

(always assuming a Maxwellian n(P1) ), one gets: 
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or, equivalently, moving to the West formalism: 

 

 

 

 

We have found the first two leading terms of the non-

Gaussian FSE, but we do not know what a5,4 and a6,5 

are…. 

Another strategy is needed! 
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The GRS theory of the FSE: a GA-independent 

approach 

There is an alternative approach to the microscopic self 

dynamics which is possible (provided the inter-particle 

potential is not hard-sphere) and fully GA independent: 

the so-called Gersch-Rodriguez-Smith theory (GRS): 
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The various Fn>0(s) are not easy to be evaluated, but are 

equilibrium properties of the system (related to the n-

body density matrix hierarchy). 
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Let us write down the first three terms: F0(s) (IA), F1(s) 

(exact at all T), and F2(s) (exact at T=0, a good 

approximation at low T):  
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(U(r1,…,rN)) values of the system (with the particle “1” 
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Now we have seen that all the GA-FSE terms Q-1 are: 
 

 

 

 

 

 

while all the GA-FSE terms Q-2 are: 

 

 

 

 

 

So we are ready to write the first two non-GA-FSE terms 

(in Q-1 and Q-2): 
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Using some algebra, one finally writes: 
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Since it is possible to prove that the respective leading 

terms are exactly given by: 
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we have also found a way to evaluate a5,4 and a6,5. 
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5. Simple tests on liquid p-H2 

We are going to calculate the magnitude of the non-GA FSE on 

liquid para-H2, because is a semi-quantum liquid (with an 

anharmonic dynamics even at low T), but still exhibits a 

Maxwellian n(P1). 

• Liquid H2 exhibit strong quantum effects: still liquid (13.8 K < T 

< 33.1 K) at T<ΘD (with ΘD100 K). 

• It is a prototypical “quantum Boltzmann fluid“: particle 

delocalization, but negligible exchange. 

 

Why hydrogen is a “semi-quantum” fluid? 

distanceparticle-intermean:

rangepotentialL.J.:

2
Λ

B

DB

l

TkM

h






[from M. Zoppi et al. (1998)] 
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Simulating the p-H2 equilibrium properties by 

Path Integral Monte Carlo (PIMC) 

Rigid cubic box V, T=20 K, =22.53 nm-3, N=256 “point-like”   

molecules interacting through the Silvera-Goldman isotropic 

pair  potential v2(r), P=8, 16, 32, 64 (extrapolated to ). 

 
g(r): pair distribution function  2U/z2, (U/z)2.     

Ek: mean kinetic energy       p. 

But how to calculate F1(s) and F2(s)? 
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We have seen that F1(s) and F2(s) can be expressed using 

the n-body density matrixes, n. F1(s) involves 2, while  

F2(s) needs both 2 and 3. Namely: 

 

 

where 2(x,0;y,0) can be approximated by: 

 

 

F2(s) is slightly more complicate involving also the 3-body 

density matrix. However, if only binary collisions are 

retained [i.e. F2,bin(s)], a simpler expression can be given: 
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Taking the Fourier transform of F1,non-GA(s) and F2,non-GA(s), one can 

easily evaluate the first two non-GA corrections to FIA(y).  
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Calculation for Q=10 Å-1 (e.g. MARI experiments on liquid H2 explored 

5 Å-1<Q<15 Å-1): F1,non-GA(y,Q) is small, but still visible, while F2,non-

GA(y,Q) is not detectable.  
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6. Conclusions & perspectives 

• We have clarified the general relationship between the 

IA and the GA. If n(P1) has a Maxwellian shape then: 

  IA  GA. If not, they are independent approximations. 

• We have shown the two widely-used Sears corrections 

( Q-1 and Q-2, respectively) come directly from GA. So 

non-GA effects cannot be included. 

• Non-GA effects are difficult to be estimated, due to the 

presence of u2n(t2n,…,t1). However, for Maxwellian 

n(P1), one can see that the their leading terms are  

is5/Q and s6/Q2, respectively. 
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• There exists an alternative route to the non-

GA terms, via the well-known GRS theory, 

which uses equilibrium quantities like the n. 

• The fully quantum n are not simple to be evaluated, 

but acceptable approximations exist, at least  for 2 

and 3.   

• A test on liquid p-H2 has been presented, proving that 

non-GA effects F1(s) are small but not totally 

negligible for 5 Å-1<Q<15 Å-1. In addition, they seem 

to weaken the well-known Sears corrections. 

• Calculations on other model systems might reveal 

interesting results as far as FSE are concerned. 



Many thanks to all the audience members 

for their kind attention to this talk! 
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Wanting to know more? 
 

D. Colognesi et al., On the non-Gaussian corrections in the self 

dynamics of semi-quantum fluids, Chem. Phys. 446, 57 (2015). 

 

D. Colognesi, Microscopic self dynamics in liquids: Connections 

between the Gaussian approximation and the asymptotic impulsive 

regime, Physica B 515, 56 (2017). 
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Additional slides for discussion 
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Non-Gaussian components 
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Diagonal 
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